Mode division multiplexing (MDM) is a promising technology for increasing the aggregate bandwidth of multimode fiber (MMF) in conjunction with wavelength division multiplexing (WDM) in face of the impending capacity crunch in optical fiber networks. This paper investigates the effect of radial and azimuthal mode spacings in a 25-channel MDM-WDM system in MMF using a spatial light modulator-controlled VCSEL array for excitation of Laguerre-Gaussian (LG) modes. A data rate of 25Gbps is achieved at a central wavelength of 1550.12 nm. The effects of different azimuthal and radial mode spacings of LG modes are analyzed in terms of the channel impulse response, eye diagram and bit-error rate.
Background
The escalation of network traffic from the profusion of data centers and other cloud computing architectures have catalyzed numerous multiplexing technologies for enhancing the capacity of optical fiber networks and optimizing the optical spectrum. A recent technology for enabling Tb/s optical communications is mode division multiplexing (MDM), which leverages fiber modes as information carriers [1] . The potential of MDM lies in its prowess to break the nonlinear Shannon limit of conventional single-moded optical fiber transmission [2] . In MDM, specific mode or mode groups are used to transmit independent data signals in an optical fiber [3] . By controlling the excitation of modes, the impulse response of each channel may be optimized.
Related work
A prevalent approach for selectively exciting specific modes for different channels is to match the incident field to the inherent modal field of the optical fiber channel using spatial light modulators (SLMs) with different encoding schemes [4] [5] [6] [7] . However, alignment may be an issue for developing compact, low-loss systems with separate SLMs.
For better integration and alignment with optical fiber links, all-fiber mode converters have been realized using long-period fiber gratings by CO 2 laser inscription [8, 9] , electromagnetic induction [10] , mechanical pressure by a metallic grating [11] and by thermal induction [12] . Fiber Bragg gratings have also been used as mode converters by wavelength control of the desired mode based on the reflection spectra [13] and as mode demultiplexers by adjusting the tilt angle to change the coupling efficiencies into different modes at resonant wavelengths on the transmission spectra [14] . VCSEL arrays have been used for generating various incident wavefronts such as Hermite-Gaussian modes [15, 16] , donut modes [17, 18] , Laguerre-Gaussian modes [16, 19] . For launching orbital angular momentum (OAM) modes, microscale spiral-phased plates have been inserted directly into the aperture of a vertical-cavity surface-emitting laser (VCSEL) to promote simple alignment to an optical fiber link when launching orbital angular momentum (OAM) modes [20] . Advancing this further, fiber laser cavities have also been modified to include a photonic crystal grating [21] , a long period grating [8] or a fiber Bragg grating [13, 22] to convert the fundamental mode to higher-order modes to allow simultaneous excitation of two or more different modes. Grating-based few mode fiber lasers effectively reduce insertion loss but require high fabrication accuracy and prohibit any change of launch characteristics arising from environmental factors such as bends and strain [23] .
Recently, metameterials consisting two concentric rings in a gold film were used to generate OAM modes, where each ring is composed of subwavelength rectangular apertures which function as a localized spatial polarizer [24] . Spiralphased plates have also been fabricated to generate a coherent superposition of optical vortices with different winding numbers and surface reflection coefficients [25, 26] . In addition, q-plates have been fabricated from liquid-crystal slabs to convert a left circularly polarized beam into a helically phased beam with right circular polarization, or vice versa [27] . Furthermore, on-plane mode couplers for combining and separating different spatial channels [28] [29] [30] [31] , switches for routing different channels [32] have also been developed.
SLMs are versatile and capable of dynamically altering the intensity or/and phase of a beam without moving parts. Adaptive compensation of the wavefront has been demonstrated for real-time micro-alignment of optics in MDM systems, wavefront tuning and interferometry for wavefront verification in MDM systems in order to improve the output power coupling into the desired mode [6, 33, 34] . In [35] , an SLM is used to calculate phase masks for each mode using a simulated annealing approach which aims to find the most efficient hologram capable of generating a mode with the highest power coupling efficiency based on the MMF profile. SLMs have also been used for equalization of temporal variations in a MDM system due to the effects of modal dispersion [36] [37] [38] . For better digital control of mode purity and alignment, SLMs have recently been incorporated into laser cavities directly. In [39] , an integrated system containing a diode-pumped solid state (DPSS) laser where the transverse modes are controlled by an intra-cavity spatial light modulator (SLM) is demonstrated.
Contribution
As an extension to SLM-based MDM techniques above, this paper presents for the first time a numerical model of MDM of Laguerre-Gaussian (LG) modes in multimode fiber (MMF) using integrated SLM-controlled VCSEL arrays. In previous MDM systems, linearly polarized Laguerre-Gaussian modes have been generated using fiber Bragg gratings lasers [40] [41] [42] , long-period grating lasers [43] , separate SLMs [44] [45] [46] [47] 7] and photonic crystal fiber [48] .
Previous work have addressed the excitation of individual modes and mode groups and its effect on the spatial fields and output power but very little work has addressed the density and spacing between modes. In [49] , the mode spacing was designed such that one mode from each of the five nondegenereate mode groups was excited from a customized few mode fiber so as to minimize crosstalk [49] . In [50] , mode spacing of a few mode fiber was achieved by rotationally symmetric refractive index perturbations inside the core for varying the sub-group and rotationally nonsymmetric refractive index perturbations in the cladding for varying individual modes. On the other hand, [51] proved experimentally and numerically that the use of a basis set containing optical vortices does not increase the number of degrees of freedom in an optical system.
To the best of the authors' knowledge, this paper presents the first numerical simulation of the effect of mode spacing in SLM-controlled VCSEL arrays for excitation of Laguerre-Gaussian modes in a MMF. The LG mode generation from the SLM is adapted from [52] , with the number of lenses reduced to one and the Fourier transform of the desired mode directly displayed on the SLM, encoded in binary phase, so as to obtain the complex field of the desired mode on the Fourier plane by isolating the first diffraction order. The channel degradation is due to mode coupling within the MMF channel. The study evaluates the effect of mode spacing of lowerordered Laguerre-Gaussian modes on the channel performance by analyzing the effect of different azimuthal mode separations and radial mode number separations on the power coupling coefficients, eye diagrams and bit-error rates from data transmission.
The remainder of the paper is organized as follows. Section 4 describes the mathematical framework and simulation of the MDM design. Section 5 reports on the simulation results and discussion of the results.
Methods

Mode division multiplexing model
The Laguerre-Gaussian MDM model, illustrated in Fig. 1 , is simulated using Synopsis Optsim [53] and Mathworks Matlab [54] . Five VCSEL arrays at wavelengths, λ 1 to λ 5 between 1546.92 nm and 1553.33 nm separated by 1.6 nm are used. The optical beam from each VCSEL is expanded and transmitted through a 128x128 pixel transmissive binary amplitude SLM and a lens is placed at its focal length, f = 300 mm away from the SLM. Each SLM, k generates 5 modes. The five SLMs are connected to a computer to program the appropriate holograms for generating 25 modes. The LG mode generation from the SLM is adapted from [52] , the difference being that the number of lens is reduced to one, thus the Fourier transform of the modal field is displayed directly on the SLM, encoded in binary phase, so as to obtain the complex field of the desired mode as the first diffraction order on the Fourier plane. Let the x-polarized transverse modal field of the c-th LG mode to be derived from the k-th SLM, E k SLM r; ϕ ð Þ be expressed as [55] :
where c = 1, 2, 3, 4, 5 is the mode index, L l m is the generalized Laguerre polynomial [56, 57] , m c ≥ 1 is the radial mode number for the c-th mode from the k-th SLM, l c is the azimuthal mode number of the c-th mode from the k-th SLM and ζ = z/z r is the reduced coordinates.
Let the Fourier transform of the x-polarization of the transverse modal electric field of each c-th mode from each k-th SLM in Eq. (1) be:
A linear tilt is then added to the Fourier transformed field. This yields the complex field: ð Þis binarized according to the third type of CGH in [52] and displayed on the SLM, expressed as a Fourier series: 
where x 2 and y 2 are spatial coordinates in the Fourier plane of the lens, * is the complex conjugate and M c k n x 2 ; y 2 ð Þis the n-th diffraction order of the c-th mode from the k-th SLM, given by:
The effect of the tilt is to separate the diffraction orders by multiples of the tilt constants in the Fourier plane and to separate the diffraction orders of the five modes from each SLM. The first diffraction orders of the all c modes from each k-th SLM, M c k 1 x 2 ; y 2 ð Þ are then spatially isolated by precise coupling into the MMF. The power from each SLM is assumed to be emitted uniformly into five Laguerre-Gaussian modes of spot size 5 μm.
The 25 signals are driven by separate pseudorandom bit sequence (PRBS) offset from one another. After the lenses, the 25 signals are combined using a WDM multiplexer and propagated through a 1 km-long MMF. The refractive index of the MMF is described by [58] :
where n co is the maximum refractive index of the core, R is the normalized radial distance from the center of the core, Δ is the profile height parameter and α is the profile alpha parameter of the refractive index. The total incident spatial electric field at the MMF input is expressed as:
The total output field is the sum of fields generated by each fiber mode in addition to phase delay proportional to the propagation constant, given by: 
where τ q and β q are the time delay and propagation constant respectively of the degenerate mode group, q. Each fiber mode will experience mode attenuation, accounted by [59] :
where γ 0 is the basic attenuation seen by all modes, I p is the p-th order modified Bessel function of the first kind, η is a scaling factor. Chromatic dispersion is described by:
where λ is the operating wavelength of interest, λ 0 is the zero dispersion wavelength and S o is the dispersion slope at λ 0 . Power modal coupling, caused by micro-bending and perturbations of the optical fiber cross-section, is assumed to lead to nearest-neighbor coupling and solved iteratively using [60] :
where P q (z, t) is the average power signal for mode group q, v q is the mode group velocity, α q is the power attenuation coefficient for mode group q, k q and γ q are degeneracy factors for the number of modes exchanging power between mode groups q and q +1; d q is the mode-coupling coefficient between mode groups q and q + 1 governed by:
where C o is a mode-coupling factor, p is the phenomenological parameter, Δβ q is the difference in average propagation constants between mode groups q + 1 and q. At the receiver, nointerferometric modal decomposition [61] is performed to demultiplex the modes before photodetection for each of the five wavelengths.
Investigation of mode spacing
To evaluate the effect of mode spacing on the system performance, four cases were analyzed: As an example, the modes contained for each azimuthal mode number spacing for the first case is shown in Table 1 .
The signal from each VCSEL is then demultiplexed into five separate channels. The channel impulse response is computed from the power coupling coefficient, c lm [56] :
where E o lm r; ϕ ð Þis the output electric field and e lm is the transverse electric field of LG modes. For the worst-case scenario, complete redistribution of power is assumed to take place immediately after the generated modal field is coupled into the MMF.
The channel impulse response, eye diagrams, and BER for each channel is examined for different MMF lengths and discussed in the next section
Results and Discussions
Figures 2 and 3 shows the average BER per photodetector array with respect to MMF length for azimuthal mode number separations Δl = 1, 2, 3, 4, 5 for fixed radial mode numbers, m = 1 and m = 3 respectively. It is observed that as a whole, the average BER per photodetector array when m = 1 is better than the average BER per VCSEL for m = 3. Due to larger distances between the lobes in the transverse electric field profile for m = 3 compared to m = 1 and higher similarity of spatial fields for higher-order modes, for m = 3, the possibility of mode coupling into adjacent modes is higher than the possibility of mode coupling into adjacent modes for m = 1. For m = 1, when Δl = 2 and Δl = 3, the BER reduces for a MMF length of 0 m to 600 m but for Δl = 1, 4 and 5, the BER increases for a MMF length of 0 m to 600 m. Mode coupling starts to occur between 500 m to 600 m, causing the BER to gradually equalize for all Δl values due to reduced differential mode delays. Beyond 600 m, for m = 1, mode coupling increases with distance. On the other hand, for m = 3, the BER is overall poor except for Δl = 5 when the BER is acceptable. This demonstrates that the separation of azimuthal mode numbers is insignificant when the radial mode number is increased. Figure 4 shows the channel impulse response when the radial mode number is fixed at 1 and the azimuthal mode number spacing is varied. In Fig. 4(a) and (b), the power is coupled into both higher-order modes and lower-order modes. Hence, the time delay between highly coupled modes is large, resulting in large differential mode delays and high BERs of 6.15 × 10 −7 when Δl = 1 for Fig. 4 (a) and 7.87 × 10 −8 for Δl = 2 in Fig. 4(b) . In Fig. 4(c) , (d) and (e), the power is mostly coupled into higher order modes producing narrow pulses and low BERs. When Δl = 3 in Fig. 4(c) , a BER of 3.87 × 10 −14 is achieved, whereas for Δl = 4 in Fig. 4(d) and Δl = 5 in Fig. 4(e) , BER values of 6.53 × 10 power dominating higher-order modes for cases Fig. 4(c) , (d), and (e). This is in contrast to the channel impulse response in MDM in [62] where the power is distributed more symmetrically across all modes. Figure 5 shows the channel impulse response when the radial mode number is fixed at 3 and the azimuthal mode number is varied. Figure 5 (a) and (b) show that most power is highly coupled in higher-order modes. Some suppression of medium-order modes and strong suppression of lowerorder modes is observed. Hence, the time delay between modes is rather large, resulting in a large pulse width. This is confirmed by the BER measurements whereby for case Δl = 1 in Fig. 5(a) , BER = 4.98 × 10 −7 and for Δl = 2 in Fig. 5(b) , BER = 8.02 × 10
. In Fig. 5(c) for Δl = 3, the power is mostly coupled into higher-order modes with stronger suppression of medium-order modes and lowerorder modes compared to Fig. 5(a) and (b) , producing a narrow pulse width and a lower BER value of 4.86 × 10
In Fig. 5(d) for Δl = 4, the modes are more scrambled and the power is distributed to higher modes and mediumorder modes resulting in a larger pulse width and a lower BER value of 2.60 × 10 −8 compared to the BER for Δl = 3. In Fig. 5(e) for Δl = 5, the power is dominantly coupled in higher-order modes only, producing the smallest pulse width and achieving the lowest BER value of 3.54 × 10
The power is coupled predominantly in higher-order modes for cases (c), and (e). This is in contrast to the channel impulse response of MDM in [62] where the power is spread more uniformly across all modes. The channel impulse responses for the investigation of the effect of radial mode order spacing Δm is shown in Figs. 9 and 10 for fixed azimuthal mode orders l = 1 and l = 3 respectively. In Fig. 9(a) and (b), the power is coupled predominantly into higher range modes. Hence, the time delay is very low resulting in a narrow pulse. For Δm = 1 in Fig. 9(a) , a BER of 6.88 × 10 −31 is exhibited whereas for Δm = 2 in Fig. 9(b) , a BER of 3.03 × 10 −20 is attained. In Fig. 9(c) for Δm = 3, the power is spread across medium-ordered modes, leading to a large delay spread between modes, thus attaining a low BER of 1.69 × 10 −2 . In Fig. 9(d) for Δm = 4 and Fig. 9(e) for Δm = 5, the power is dominantly coupled in higher-order modes. Hence, the delay spread between modes is very low, attaining a BER o f 2.87 × 10 −17 and BER of 4.61 × 10 −9 for Δm = 4 and Δm = 5 respectively. The power dominates in higher-order modes for cases (a), (b), (d) and (f). Thus, in our MDM model, due to the suppression of lower-order modes, the time delay between modes is minimized compared to [62] .
The effect of radial mode order spacing Δm when the azimuthal radial number l = 3 is shown in Fig. 10 . Strong coupling into higher-order modes and high suppression of medium-ordered modes and lower-order modes are exhibited in Fig. 10(a) , (b), (c) and (d). Hence, the time delay variation between modes is low, resulting in a narrow pulse. Figure 10 modes is large resulting in a wide pulse width and a low BER of 4.65 × 10 −2 . Figure 11 shows a comparison of the eye diagrams showing the effect of radial mode number separation for MMF length of 400 m when the azimuthal mode number is fixed. The first row for fixed azimuthal mode number l = 1 shows that when Δm is even, the eye opening is fairly wide compared to when Δm odd. The same pattern is observed for fixed azimuthal mode number l = 3. The eye opening is better for even Δm's as more of the output modes are from the same degenerate mode group. The results may be generalized to other experimental setups for exciting LG modes using different SLM encoding schemes, gratings, VCSEL arrays and masks in a MMF. However, the results may not be generalized for other types of modes such as HG and OAM modes in MMF. Also, the results may not be generalized to the propagation of LG modes in free-space as atmospheric conditions may affect the mode number separations differently from the mode coupling mechanism in MMF.
Conclusions
In this paper, a 25Gbps 25-channel MDM-WDM model has been numerically simulated at a center wavelength of 1550.12 nm multiplexing five Laguerre-Gaussian modes on each of the five SLM-controlled VCSEL arrays separated in wavelength by 1.6 nm. Rigorous performance analyses of the effect of mode spacings show that it is possible to attain a narrow channel impulse response and an acceptable BER by maintaining a low radial mode number up to 3 and ensuring that the mode spacing of the azimuthal mode number is higher than 4; or by maintaining a low azimuthal mode number up to 3 and using an even radial mode number separation. The work may provide valuable insight into possible configuration of mode numbers for increasing channel diversity in dense optical interconnects for data centers.
